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SUMMARY

This r eport describes the work done in developing a method of
computing the maximum of a function of several variables, This is
intended for use in maximum likelihood or in minimum chi-sguare

estimation,

The standard methods are described and their defects indivated,
A method devised by H.H., Rosenbrock is explained and campared with the

new method.

It is concluded that the new method is more suitable for much
of the work of P.F.R. A set of instructions for Perranti lerecury
"Autocode" has been written, which will carry out this process, and
specifications for its use are given in an Appendix,
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2.

TihE AUTOMATIC COMPUTLATTCH OF MAXTMUM LIKELIHOOD ESTIMATES

INTRODUCTION

Research consist essentially in estimating the parameters in a
mathematical model and testing the "fit" of a set of observations.
estimation is usually done by the method of maximum likelihood, or of
minimum chi-square, :

Many of the statistical problems of the Pneumoconiosis Field
The [

The model to be tested leads to expressions for the probabilities
of given sets of observations in terms of the date and of a set of
parameters, From these probabilities, a likelihood function or a chi-
square function can be derived, We look for the values of the
parameters which give the greatest value of the likelihood or the least
value of chi=-square, If maximum likelihood i1s used, the accuracy of the
estimates, expressed by their variances and co-variances, is given by
the negative of the inverse of the expected value of the matrix of
second derivatives of the likelihood function:

‘ o 2 :
loov (w)] = [F (577" . (1)

The function to be optimised may involve a large number of

observations and several unknown parameters, If f is the function,

and Uyrevrees U g the parameters, we have to solve the equations,

»g% = 0y 4 = 051 .usnas(s=l) (2)
i
The function f is generally too complicated for the oquations
to be solved directly, or even for the derivatives to be compubed
from their algebraic expressions, and an iterative method has to be
used to approximate successively to the optimum, starting from some
initial estimates.

An automatic method for finding the maximum of a given 4
function would therefore be very useful.™ Such a method should be '
suitable for use with an electronic computer, and should be applicable '
generally to a variety of functions, The methods already available .
are discussed below, None of these was felt to be suitable, and
several alternative procedures were investigated, A nevw method has
been developed and an Autocode programme has been prepered for a
Ferranti Mercury computer,

STANDARD MAXTWMISATION METHODS

2,1 General Remarks

There are many fields in which the maximum or minimum value
of a function of several variables has to be found, Nevertheless
the standard text-book methods are of limited practical application
in P,F.R., work and no:readily adapted for high-speed computation,
The difficulties arise becsuse the “general shape" of the function
has to be predicted from its "local" properties, for example the
derivatives at a point,

This prediction involves making certein assumptions about
the nature of the function, for example, that it is approximately
quadratic, Near to the optimum such assumptions may hold
approximately hut they may be misleading unless accurate initial
estimates are available,

/For .

* Obviously, the same method can be used for minima.
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For eéxample, a simple iterative @ethod for findinz the maximum
of a functinn of a single variable, f(u), is Newton's method, - AIf'uo
is an initial estimate, a better .estimate may be given by

wo= ou = (ud/f (g) . (3

One way of looklng at this process is to consider thé parabola

y=B =4 (u-7)° which touches'y = £ (u) at u_, heving the same
first and svcond derivatives there.

- -"" = [
2A(u.o FQ = f (ub),,
- — 1]
24 = ff (ub)
¢« Y1 .- - H - /ot =
LU=u - f (ub)/f (uq) =y
Thﬁg. is ohe'maximun of the parabola, and should be a better.

approximation than uﬁ to uys The maximum of f, if the pnrabola is a
good "representation® of f£(u). Thus : :

(a) Iff (u) does not change very much, w will be closer to u.,

However, as Figure 1 indicates, there are other possibilities.
gur




-

Thus ¢ ,

() If " (u) changes rapldlj, u, may not be much nearer
than U

(¢) If f (u) is positive, the parabola will have a
minimun and not a maximum, so that u1 will be further
away from the desired value,

We cannot be sure that the initial estimates available will be
very near to the optimum, We need a method which will be generally
applicable to any function which is known to have a true maximum
somewhere in the region where it can be computed. The method must
thercfore be based on a minimum of a priori assumptions,

2,2 The Newton-Raphson Method

The well-knovn multi-dimensional analogue of the method
discussed in 2.1, by which a quadratic form having the same first
and second derivatives is fitted, is subject to similar limitations,
A quadratic fomm ' ‘

has a maximum at (u ) if (A ) is a negative definite matrix, Thus,
2

if '5E~QEG~* is negatlve—deflnlte at a point (u )s @ new point
1

(u&), obtained by solving the equations

i-—-—og-—-—(; (uz - u:"L) = -if-a 3 'j =- O, 1 eese (S - 1) ({5)
au, : ' '
1 %y ™

will be closer to the maximum,

However, unless the initial estimates (u?) are fairly good,
the matrix of second derivatives may be indefinite, positive-definite
¢r ill-conditioned. . It may then be necessary to use the third .
derivatives, in effwct fitting a cubic function, to reach a new
starting point for. the process.

The first and second derivatives have to be found in this
process, and a matrix inverted. For large numbers of variables
this can be quite slow, espeulally if the differentiation has to
be performed numerlcally.

2.3 The Llternating Variable Method -

This method involves the evaluation of the function at a
series of points, One variable at a time is altered, keeping the
others fixed, Each time, the highest value of the function is
found by triel and error, Thus the estimate point moves parallel
to each axis in turn, changlng direction when thé highest point is
reached.,

The method, vhich mekes few assumptions about the functlon,
has a defect which illustrates another general difficulty of
optimisation. - This is the problem of the "ridge" or "tunnel",

The shape of the surface will usually be such that the contours
will not be circular (or hyperspherical for more than two variables)
but will be elongated in some direction. Unless this direction
happens to be parallel to one of the axes, the process described
will zig-zag backwards and forwards across a slightly inclined
ridge, each step being very small, and tending to get smaller.

(See Figure 2),
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LD, _ : Figure 2 -
The process will be more inefficient, the more varlables are
introduced, - o -

Another way of looklng at this process is to consider- the hyper- . -
surfaces given by

a f B A . .
gu— = 0, 1= of b R (s - 1)
These interséct 3£ the'optimum point. - The path taken moves parallel
to the axis of u until meeting gﬁ 0, then parallel uv ' the axis of
[

Uy untll-gz; 0 and so omn, If the contours are circular, each hypcr—

surface is respectively normal to its corrcspondlng axis, and the path
will then reach -its obaectlve in s steps. . Generally, the contours
will be elongatcd and “the path w111 z1g-zag between tne hypersurfaces
with decreasing steps, : :

2.1 The Method of Stespest Ascent

Another,; more. sophisticated, method uses the first derivatives
of the function to find the direction of the steepest ascent, i.e,,
the gradient. The variables are altered simultaneously, each in
proportion 4o the. correspond1ng first derivative, New derivatives
are found when the highest point along this line has been reached, ‘ &
Rosenbrock (1) has pointed out that for two variables, this process
is, in fact, identical with the alternating variables process. For -
each dlrectlon starts by being perpendicular to a contour and ends
when it is parallel to a .higher one, Successive directions are

’

/therefore
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therefore orthogonal, =lthough for more than two variables, three
successive directions may not be mutuzlly orthogonsl,

The elongation of the contours will thus leed to oscillation,
as in 2. 3. It is postible to “damo" this by retreating from the
top-most point in each direction. Booth (2) sugrests moving nine=
tenths of the full distance for four stagés and then taking a full
step, Tven with this refinement, the method is not entirely
satisfactory, and in any case requires the evaluation of derivatives,

2,5 Rosenbrock! s Method

Rosenbrock (1) describes a method which does not involve
differentiation, and which is designed Yo overcome the problem of
oscillation, This performs the "alternating variables" process
for s orthogonal directions, re-defining these dlrectlons after each
complete stﬂge as follows,

Supoose the Jjth of the orthogonal direcctions at a particular
stage is given by the unit vector (x¢ O4dis 3 =20, 1......(s = 1),
and that the path taken in the course of this stage involves mov1ng
a distance vj in the jth direction., Let .

s = 1
I - f6) R _ oo
yij _=. ki j Vk xil{ s l, j - O, 1 soecooe (S 1).

Then (y ) is thé vector joining the jth point of the path to the
final point at this stage, The orthogonal direcctions for the next
stage are given by :

z, = .
10 le

X,

f
N
~
2
N
n
[N |
l—-l

|8

w

(e}
L\
—

io io Cx o
. s -1
Z, = Yag ™ X) ! by A X
il ii io T, kK1 “ko
s - 1
r 2
Xew = Z../ ) VA }
il il \-k'= o kp J
n=-1 s -1
Z, = ¥, - 2. b z Y. b4
in in o= o im k = kn “km
 irs =1
X, = gz, / ’J { L z 2 }
in in : ko
k=o

(x. ) is thus in the direction which yielded the greatest advance
onl%he previous stage, (x..) the next most successful dircction
orthogonal to it, and so %n. The result is that the directions
will tend to line up with the axes of tlhe contours, thus minimising
osclllatlona

The method can also be thought of as follows, The path taken

~moves in a direction (xio) until meeting the hypersurface given by

s -1
S0 -%%}—' = 0. There are s hypersurfaces like this and they
i=o0 i ' : ‘ , .

intersect at the maximun point, The next step is in the direction

/(Xil)
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“Iffoa f or f,> f,orf = f = £, and f‘iz £ (3,) is

- b -

s =1 V
. . _of _ . »
(xil) and ends with I x5 === = 0. This step will move out
: 1 =0 1 ‘
| s -1 ar L
of the hypersurface I X aﬁ = 0 unléss the latter is

i=o0
orthogonal to the direction (x ), and the conaltlon for this to be
true is -

}(1{0 = )\' 2 Xio ua ', k——-O, 1 LRI I S (S"l) N
) i=o0 luk . :
Rosenbrock' s method changes the orthogonal dlrcctlons (x ) until
s -1 2
: o°f :
they satisfy the conditions = N, L X, , =3—=g=—= , 1i.,€
. . . . a ) o T )
. xk'j J g2 13 Oulu
until the (x..) bscome the eigen—vectors of the matrix 9°f or the

u, du,
pr1n01ple axes of the qua dratlc which touches the contour.l

.. The distance to be moved in a givcn direction is determined by
Rosenbrock as follows. A step v is made and the function evaluated
at the new point. If it is less than the provious value, v is .
replaced by - 0.5 v and the process repeﬂted from the original point.
¥hen the new value is greater than or equal to the old one, v is replaced
by 3 v ‘and the process repeated until a point is reached which gives a
lower value of the function, ~ The best point is then taken as the
starting p01nt for tho next direction, :

This method makes no assumpulons about the functlon.' It is

" particularly suitable for adaptation when the variables are limited

to lie within a given region, On the other hand, quite a large.

- amount of "organisation” 'is involved in calculating .the directions v

in which to proceéd,

DEVELOPM:NT OF_THE STANDARD METHODS - -~

Using'Mercdry.Autocode, several examples of the methods described

_viere examined., Various modifications in.them were tried out, some of

vhich led to the method finally adopted.

3.1 The Maximum on a Given Line

The methods described in 2.3, 2.4 and 2,5 all involve
estimating the best point along a given 11ne. The procedure
eventually adopted was as follows,

Let. (u ) be the starting p01nt and’ £ f(uz). If (5.) is a
vector along The given line, evaluate . _ 1

: 0 -
£, = £, + 5i) and
o 1
fz = .f(ui. + 3 61)
Iff and f_ > f , the optimum is esfimated as the apex of the

para%ola %hrough the %hree values, Thus the estimate would be
-f .
. . 1
(u + 3, [} +7rmr—==2=))
i i L;.(Zf‘2 fo_fl)

T2 T 2T N T A

‘/replaced
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replaced by (2 51), and the process repeated., If £> £ (ug) is
replaced by (u + 0 ) and (3, ) by (-25 ) Thus the line is doubled
in length untll the required conflguratlon is reached, Eventually

an estimate will be obtained, unless there are constraints on the
variables, This gquestion is discussed below, A 1imit is also placed
on the number of times the "stretching" procedure is repeated, in case
- £ is constant along a given line,

3.2 Step Size in the Steepest Ascent Method

The length of the vector (5,) to be used in the method of
steepest ascent (2.4), can be made™to depend on the slope at the

9 . of \2 ‘ :
= //L(-537-> » then the "vertical
i \ i : :

) 0 . éf
i : ; S e =
rise along the tangent.from (ui) to (u.i + Si) is 2 Pl vy v,

initial point, If 51 =V

The expected change in f from (uz) to the new estimate will thus
be of the order of v. v cén then be made to diminish in the course of
tho itcration. .

3.3 Oscillation About a Ridge

The approach of Rosenbrock may be combined with the steepest
ascent method in order to avoid the os01llat10n.due to elongation of
the contours me:tioned in 2.3,

The vector sum of two such 030111a01ng steps-will tend to be
parallel to the axis of the ridge. Two stages of steepest ascent
may thus be followed by a step along the direction of ‘the total
movement so obtained, :

~The optimun point on this line is then used to start the next
pair of steepest ascent stages,

3.4 An Adaptation of Rosenbrock!s Method

Some experiment with the methods rcferred to above suggested a
procedure in which the direction of the path at cach stege is the
vector sum.of the previous s steps. This is equivalent to Rosenbrock's
mothod, without the directions of successive steps being necessarily
orthogonal, It therefore is much simpler to carry out, This
procedure did result in a dircction being found, parallel to the rldgq,
along which considerable progress could be made, However, the
subsequent steps all had large components in this direction, and would
consequently tend to be nearly parallel to each other. The process :

then had to be restarted,

This method has some relation to a procedure for solving
simulteneous equations discussed in a paper by Kincaird (3)s This
approximates to the solution through a seguence of linear
approximetions along the edges of polyhedra which converge to a point,

A NEW METHCD

L.1  Basic Idea

With the exception of the Newton-Raphson method, none of the
processes discussed will reach the maximum without several iterations,
even if the function is a quadratic. Rosenbrock reports on a
comparison of his method with other results quoted by Booth in finding
the minimun of

(uo oo - 7)2 + (2u.0 +owo- 5)2

/starting



stafting from‘u = u1'= 0, The reculred answer is u, = 1, w = 5

"In 5 taocs, the steepest descent method reachéd Uy = 1,04y

W = 2,97, while Rosenbrock's method gave Fb = 1, Q17, u1'~ 2.9“1.

"4 procedure which. arrived at the true optimum in one stage if
the function were gquadratic would eappear to tave some advantage.

Consider a negative~definite quedratic form,  -The maximum
p01nt lies at the centre of a setl of hyper-ellipsoidal contour surfaces,
set of parallel lines will touch these contours at points lying in
the hyper-plane conjugate to the" 11nes with respect to the hyper=~
ellipsoids, and this hyper~plane will pass through the central point,

‘Thus if £ =B + IIA, (u, -, ) (uk - 1U,), & line in the
dlroctlon (w,) will touch a con%our at a point“for which

ij (u. —_u.) o= 0. (See FPigure 3.)

Thls suggests a procedurn for finding the maximum, Take two
lines parallel to a direction (w, )s and find the optimum point on each,
Call the direction of the line Joining them (m%). The best point on
this line, By, is the optimum for the whole plane, '

- Now choose a line parallel to (w ) in another plene and flnd
the maximum point A, on i%,  Moving from A, in the dircction (w )

w111 reach the optimum point in the second plune, A2. The 11ne

2 l’ direction (wz), v1ll pass through the optimum in the whole

solid, i ‘
.The maximun of an s-dimensional quadratic will thus be reached

in gs(s + 1) steps. This will also apply to any function whose
contours form a family of similar hyper-ellipsoids.

. e ! ;\.
. - AN
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In general, the points where lines in a direction (W ) touch
the contours: f(u sees U 1) = constant will sotisfy:

5T w, Of
L au' = 0
i
The normal to this locus will be in the direction: ,I W, Pr
- (i + auau ).

If there is only one maximum, the repetltlon of the gs(s + l) steps
described above will converge to it.

The other processes described reQuife only s steps at each
stege, However, if s is not very large, this should be compensated
by a reduction in the number of iterations needed by the new procedure.

Le 2 Procedure Adopted

The iy lementation of this method involves choosing (2) the
direction (w ? (b) the "displacements" from the initial line in this
direction to the second liney from the initial plane to the new plane
and so ony and (¢) the increment (5 )} used in finding the optimum point
along a line; (see 3.1). ‘

The simplest procedure scemed to be to take (w ) parallel to the
axis of u . ' The displacement could then be obtained™ by adding a quwntlty

o
W successively to s u and so on.

Thus only the first co~ordinate of (w ) 1s used, only the first
two of (wl) and so on, -

If a complete cyclé has led to a decrease in the value of the
function, the process re-starts from the best point obtained so far and |
w is decreased, When w falls below a prescribed value, the process ends,

Le3. Constraints on Variables

Rosenbrock's progranme deals with constraints on the varisbles by
modifying the function in a narrow boundary region, This complex ‘
procedure seems to be effective for quite complicated boundaries,

The method adopted in the new programme is much simpler, It will
work for any comvex region (i.e., one such that any point on the line
Joining two admissible points will be admlss1ble) and is quite effective
if the constraints are linear, It may not lead to the true optimum if
this lies on a boundary which is concave,

The procedure is as follows. When finding the maximum along any
line, each new point is tested to see if it is outside the permitted
region, unless it lies between two already tested points, If a new point
is found %o be inadmissible, successive tests are made at equally spaced
points on the line, moving back towards the last found admissible point,

The first point found inside the boundury is then taken as the
estimate of the optimum,

L, L Computer Programme

A seguence of instructions in Mercury Autocode has been preparcd

l embodying the procedure described. It occupies 429 registers, Jjust over

half a chapter,

The chapter may be completed by writing a sequence which will

calculate the function of u , u1 coesenesrs U and leave it in the
o s-1

/location
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location f. Purther instructions are required to specify the limits -
on the variables and to print the results, .

If query printing is not suppressed, intcrﬁedia‘ce results will
be printed; showing the values of w 1f‘ it is reduced, u,» ul XTI
and f, 5=

Before entering the maximising sequence, the initial values of
u% eseo-U_ -y 5 and W must be specified, The quantity x' must also
bg given, sucﬁ Jf:hed: the process terminates when w is roaucod. below this

value. .

Details of the sequence are given in the Appendix,

EX AMPLES

In most applications, the evaluation of the function will take
much more time than the "organisation" of the maximising process, The
nunber of times the function has to be evaluated in order to reach the
optimum is thus the best criterion to use in comparlng optimisation
methods,

Two examples given by Rosenbrock viere used to make such a
comparison with' the new method.

(a) Rosenbrock describes results obtained in minimising the function:

u (x_l, x) = 106 (x -3112)2 ' (1 -xl)2
In our notation, this is equlvalont to maximising :
£ =A-1oo (u1 - ) - (1--u)2
There are no constraints on the variables.

This function has a very steep "ridge" along the parabola:
= u02. This is thus a most unfavourable example for either the
Rosenbrock method or the new method described in Section L. The
optimun is achieved at u o =ug o= 1l, £ =0, .

In the form of his method finally sclected Rosenbrock took 21
stages (one incompletec), involving 200 evaluations of the function, to
reach the value: u_ = 0,995, W o= 0.991, £ = 0.000022, starting from
. o 7
u = -1,2; W = 1 and moving round the "ridgd".

‘The new method was slightly inferior to this, if the number of
evaluations is uzed as a ¢riterion, Lfter seventeen stages requiring
223 evaluationss the results were

‘u =0, 99561, w = 0. 99079, £ = 0,000039

The other methods quoted by Rosenbrock preve far less
eff‘lca.en’c in this example,

(v) To 111ustrate the imposition of limits on the variables’
Rosenbrock uses the problem of finding the rectangular solid with
maximun volume whose length anmd combined length and girth are

?estrieted. In our notation, this means maximising- f = uo ul u2 where .

0 < uo_s L2
0 < w < L2
o < € L2 .

<y oy o€
0 u0+2u1+2u 72

/In
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In faot, the maximum value is 24 x 12 x 12 = 3456, and the first
three constraints are inoperative,

Stwrtlnc at u = =, = 10, Rosenbrock?s method reached
23,9873 x 12,0026 x 12,00I7 = 3455.1 after 600 evaluations,

The nev method in 10 stages and 239 evaluatlons gave
23,801 x 12,003 x 12.096 = 3455.8,

DISCUSSIONS AND CONCLUSIONS

The relationship between steepest ascent, Rosenbrock's method
and the new method is best viewed in connection with the way in which
the direction of change of the variables is determined at each stage.

The stéepest ascent method takes account only of the slope of
the tangent plane at the starting point, It is therefore only deperdent
on the variation of the function in the immediate vicinity.

Both Rosenbrock's method and the new method !'survey' a larger
region, Vhereas the former tends to move in the direction of the
longest principal axis, the system of contours in that region, the
latter aims at the centre,

It is difficult to generalise about the efficiency of optimisation
procedures, when the function to be optimised is completely unspecified,
Rosenbrock! s approach will deal with the most general type of constraints
on the variables, but requires a rather complicated process to do so, -

The new method, although it will need more evaluations per cycle,
will take fewer cycles to reach the optimum (a) if the function is '
similar to a quadratic in the region concerned or (b) if the congtra1nts
are linear,

Rosenbrock' s method is undoubtedly superior to all those previously
described for general use, However, it is fairly lengthy both in time
of operation and machine space.

The new method will be more suitable for meny of P.F.R.'s needs;
unless the number of paramcters is very large., This is because the
constraints on owr parameters are generally linesr and in any case the
maxima we reguire are not usually going to lie on the boundary.

FPurther improvement in both methods is undoubtedly possible and
will be attempted when more experience in their use has been obtained,

The new method has already been employed on a number of problems,
These include the estimation of the parameters in a mocdel for the overlap
of dust particles on thermel precipitator slides; the fitting of size
distributions of dust particles; and the analysis of radlologlcal
classification of pneumoconiosis,
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APPENDIX

THE MERCURY AUTOCODE STAQUENCE "MAXTMISE!

The sequence finds the value of u , vese u.s_1 which make
f (uo, W oeee. us-l) a maximum, It occupies 429 registers.

Initial values of W s W,. vess o1 ? and sy w and x' must be set before

o
entry, x' will be of the order of‘the accuracy required in the ws, W
should initinlly be about 1000 times as great,

The sequence usos 3

fo, fl, R

2”3
uo, LLl RE) u1(s + 3)

1°0° Vs -1

W W, e W
ol "L s -1

Ps Qs T» Ss by uy wy x, x', L,

v v
O’

Labels 101 to 120,

Any of these gquantities may be changed by the sequence, except s,
x and x'.

Directives for u, v, w must be provided,
Directive £ + 3 is included in the sequence,
Auxiliary seguences:
A sequencc labelled 1) must evaluate the function
= f (uo, W esee u.S _ 1)
and is followed by "return",

A sequence labelled 3) tests the values of U, u1 pees Ug g (without

changing them) to see if they are admissible, If they are, Jump o "return",
otherwise r = 1, then "return", A sequence labelled 2) will be jumped %o
when the process terminates, ub, u1 coee us -1 and £ will contain the
appropriate optimum valuos, :

Enter the sequence at label 101),

Auery Printing

If query printing is not suppressed, intermediate results will be
printed as follows :

Index r =15 2 o006, 8
New value of wy, if w has been reduced.

u, )

-

first r co-ordinates of new point, (ur.... a
‘remain unchanged. )

LR I

©

=1

Value of function.



(1)

(2)

(3)

Rosenbrock, H.H.

Booth, A.D.

Kincaird, V.M,
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